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Abstract A convergence criterion of cluster expansion is presented in the case of an abstract
polymer system with general pair interactions (i.e. not necessarily hard core or repulsive).
As a concrete example, the low temperature disordered phase of the BEG model with infinite
range interactions, decaying polynomially as 1/r9+* with A > 0, is studied.
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1 Introduction

The abstract polymer gas is an important tool to study the high temperature/low density
or low temperature phase of many statistical mechanics models. Generally speaking, the
abstract polymer model consists of a collection of objects (the polymers) which play the
role of the particles of the gas. These polymers have a given activity and they interact via a
hard core pair potential suitably defined. Typically, one wants to show that the pressure of
this polymer gas can be written in terms of an absolutely convergent series if the activities
are taken sufficiently small.

The first example of such a model appeared in [9] where the polymers were finite non
overlapping subsets of the cubic lattice Z¢. The authors proved convergence of the pres-
sure via the method of Kirkwood-Salsburg equations. Subsequently, the same system stud-
ied in [9] was treated in [18] and [5] via cluster expansion methods based on tree graph
inequalities.

In [11] the most general version of this system was given. There, polymers were simply a
collection of objects with a given activity and interacting through an hard core pair potential
introduced via a symmetric and reflexive relation in the polymer space. Polymers belonging
to this relation were called incompatible, and compatible otherwise. The hard core condition
was simply to forbid configurations of polymers containing pairs of incompatible polymers.
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Differently from the cases considered previously, in which polymers had a cardinality and a
size, the Kotecky-Preiss polymers were characterized only by the activity.

In [7] the convergence condition for the Kotecky-Preiss polymer gas was slightly im-
proved and the proof was greatly simplified, being reduced to a simple inductive argument,
as it was shown very clearly in [12] and [19]. In particular, in [19] it has been observed
that the Dobrsushin’s proof works even for more general abstract polymer gases, in which
polymers may interact through a repulsive soft-core pair interaction.

Very recently [8] the Kotecky-Preiss and the Dobrushin conditions for convergence of
the abstract polymer gas with purely hard core interactions were reobtained via the standard
cluster expansion methods and a new improved condition was given by exploiting an old
tree graph identity valid for hard core systems due to O. Penrose [14].

In all these works, the basically hard core character of the interaction seemed to be an
essential ingredient to control the convergence. Exceptions can be found in [6, 10]. In [6]
a contour model with interaction (exponentially decaying al large distances) is proposed.
However the model is rewritten in term of the usual hard core polymer gas where polymers
are objects more complicated than the original contours. This philosophy has also been pur-
sued in [10] where a one-dimensional contour model with long range interaction is rewritten
in term of new objects with hard core pair interactions.

It would be of interest to treat also cases in which polymers interact via more general pair
interactions, e.g., not necessarily repulsive, not necessarily hard core, not necessarily finite
range. Such abstract polymer model could be a useful tool in the study of spin systems at
low temperature interacting via infinite range polynomially decaying potential, see e.g. [13].

In this paper we develop a model of abstract polymers (of the type of [11]) with inter-
actions more general than the hard-core. Our polymers interact through a “short distance”
repulsive (not necessarily hard core) pair potential which is non zero only on pair of incom-
patible polymers, plus a pair potential with no definite sign (hence it can be attractive), acting
only on pairs of compatible polymers. We give a condition of convergence for the pressure
of this gas by using a cluster expansion method similar to the one developed in [8]. However,
differently from [8], we could not use here the Penrose identity, since our interaction is not
purely hard-core. We rather used another well known tree graph identity originally proposed
in [3] and further developed in [1].

The rest of the paper is organized as follows. In Sect. 2 we introduce the model, notations
and the main result of the paper. In Sect. 3 we give the proof of our result (Theorem 1).
Namely, in Sect. 3.1 we present the tree graph identity and show how it can be used to
bound the Ursell coefficients of the Mayer series of our polymer model. In Sect. 3.2 we give
the convergence argument based on map iterations developed in [8]. In Sect. 3.3 we conclude
the proof of our main theorem. Finally in Sect. 4, as an example, we use Theorem 1 to study
the low temperature disordered phase of the BEG model with infinite range interactions with
polynomial decay of the type 1/r¢* with A > 0.

2 Polymer Gas: Notations and Results

2.1 The Model

Let P denotes the set of polymers (i.e. P is the single particle state space). We will assume
here that P is a countable set. We associate to each polymer y € P a complex number z,

(a positive number in physical situations) which is interpreted as the activity of the poly-
mer y. We will denote z = {z,, },e». We introduce a symmetric and reflexive relation I" in
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PxP.If (y,y") €T, we write y » y’ and, following the tradition, we say that y and y’
are incompatible. Conversely, if (y, y’) ¢ T, we write y ~ y’ and we say that y and y’ are
compatible. In most of the concrete realizations of this abstract polymers gas the condition
i » y; means (in some sense depending on the geometry of the realization) that y; and y;
are near (e.g. overlapping) and y; ~ y; are far apart.

Polymers interact through a pair potential. Namely, the energy E of a configuration
Y1, ..., ¥a Of n polymers is given by

Ei,..ov)= Y Vv @.1)

I<i<j<n

where pair potential V (y, y') is a symmetric function in P x P taking values in R U {+00}.
Fix now a finite set A C P (the “volume” of the gas). Then the probability to see the
configuration (y, ..., ¥,) € A" is given by

e~ Lisi<jzn Vv

=

1
Prob(yi, ... vn) = ==2nZp 2y
A

where the normalization constant E, is the grand-canonical partition function in the volume
A and is given by

— 1 — o V(Y
Ea@ =14~ D0 angn e Dm0, (2.2)
nzl (Y1 yn) CAT
Note that the configurations y, ..., ¥, for which E = +o0 are those with zero probability

to occur, i.e. are forbidden.

We assume that the pair potential V (y;, y;) is the sum of a repulsive (positive) interaction
U(y;, y;) which is non zero only when y; ~ y; plus an interaction W (y;, y;) which is non
zero only when y; ~ y;. The repulsive potential U (y;, y;) should be interpreted as the short
range interaction, while W (y;, y;) plays the role of the long range part of the interaction. We
define these two interactions as follows. Let P2 =P x P. Let C = {(y,y') € P*: y ~ y'}
and T ={(y,y’) € P>: y = ¥’} and let us give the functions

Uy : T —[0,+00) U{oo}: (y,y) = Urly, ¥,

W.:C— (—00,400): (y,y) > Wy, ¥).

We put

with the short range given by

_ 0 ity ~yj,
while the long range interaction is
Wity v ity ~yy,
Wi, yj) = {0 if y; 7. (2.5)
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Note that we allow U(y;, y;) to take the value +oo, while W(y;, y;) is always a finite
number. Observe also that we don’t make any hypothesis on the sign of W (y;, y;), so this
interaction could be for some pairs attractive and for other pairs repulsive.

Since we are admitting non purely repulsive interaction among polymers, we also need
to require that the potential energy FE is stable in the classical sense. This can be achieved
by imposing that the long range interaction W (y;, y;) satisfies a stability property. Namely,
we assume that there exists a function B(y) > 0 such that

n

Y Wy ==Y Bn) (2.6)
I<i<j<n i=1
forall n € N and all (yy, ..., ¥,) € P". Such a condition implies that E, is convergent and
- 1 B(y) ! B(y) B(y)
aAfl—i—Zla[X;\Zye V[ <exp ZAzye Y 5|A|1}1€a}\(exp{zye My,
n= yC ve

Actually, (2.6) implies that B, (z) is analytic in the whole C!*! (A is the cardinality of A).

As we said in the introduction, the usual choice available in the literature is U (¥;, ;) =
+oo for all (y,y’) € Z and W_(y;, y;) =0 for all (y,y") € C (purely hard core pair po-
tential), but it has been also treated [19] the case U (y;, y;) = 0 if y; » y; and y; # y;,
U.(y,y) =+oo for all y € P and of course W(y;, y;) =0 (soft core repulsive and hard
core self repulsive pair potential).

We remark that, even in the case that the long range interaction W(y;, y;) = 0 for all
pairs, in this paper we are still treating cases which are more general than those stud-
ied until now. Namely, estimates of Sect. 3 below hold for every repulsive interaction
0 <U(y;, yj) < +oo. This means for example that we don’t need to impose the hard core
self repulsion condition (i.e. U(y, y) = oo, for all y € P) which instead is explicitly re-
quired (see e.g. [19]) in order to develop the Dobrushin induction argument. However, in
view of the possible connections with the low temperature phase of spin systems with in-
finite range interactions, we think that the most interesting situation treated in the present
paper is the case W (y;, ¥;) # 0, i.e. when a large distance potential, possibly attractive and
possibly infinite range, is acting among polymers.

2.2 Results
The pressure of this gas, namely log E,, can be written as a formal series through a Mayer

expansion on the Gibbs factor exp{— Zlﬁk j<n V (¥, v;)}. Namely, a standard calculations
(see e.g. [5]) gives

o0
1
log EA(Z):Z; ¢T(V11~~-’Vn)zyl T Ly 2.7
n=1" (Y]seYn)CA?
with
, 1 ifn=1, 238
O Vs V) = Y e, H{i,j}eEg (e Viv) — 1) ifn>2, (2.8)

where G, is the set all connected graphs with vertex set {1, 2, ..., n}. We recall that a graph
g €G,isapair g =(Vg, E,) where V, ={1,2,...,n} is the set of vertices of g and E, C
{{i, j} C{1,2,...,n}} is the set of edges of g. We also recall that g = (V,, E,) is connected
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if for any A, B such that AU B =V, and AN B = §, there exists {i, j} € E, such that
AN{i,j}#%and BN{i, j} #0.

Equation (2.7) makes sense only for those z for which the formal series in the r.h.s. of
(2.7) converges absolutely. To study absolute convergence, we will consider the positive
term series

o0

1

llog 8al(p) =} — 16"t v oy, oy, (2.9)
n=1"" (v, Yn)CA"

where now p, € [0, +00), for all y € P and p = {p,},ep. Of course [logEA(2)| <
[log E| (p) for z in the polydisk {|z,| < p, },ep-

We further define, for each y, € P, a function H7’/S (p) directly related to (2.9) (a “pinned”
sum defined in the whole set P) as follows

=1
MRE =3~ X 1700 vley oy (2.10)

n=0 """ (¥1.Y200 Yu)EP"

Clearly, if we are able to show that H;’;’(,o) converges, then |log E,](p) and hence
[log EA(2)| for |z, | < p, also converge, since it is easy to check that

llog Eal (0) < |A| sup oy, TR (). (2.11)

YOEA

To understand the meaning of the series T2 (o) just observe that its finite volume version
129 (p), namely

o0
1
Y@= — X 1 00y mley oy, (2.12)

n=0 """ (¥1.72.-..vn)EA"

is directly related to log E 5 (p4). It is immediate to see that

a
HY() —
A (p) 3

Yo

llog Eal (p). 2.13)
The main result of the paper is a convergence criterion for the positive series (2.10). Such
criterion can be considered as a generalization of the Kotecky-Preiss criterion for polymer

system interacting through a pair potential which is not purely hard core. The criterion can
be stated as the following theorem.

Theorem 1 Let p: P — [0,00) : y > u,, be a non negative valued function and let, for
eachy € P, p, € [0, 00) such that

pyeB(V) <p,e” Yjep F(V-?)M;! Vy e P (2.14)
where B(y) is the function defined in (2.6) and

Wi, vl ifyi~vi

F(yh yj)z{le—U(y[,yj)_” lf)/z°“2// (215)

Then the series I1,,(p) [defined in (2.10)] converges and satisfies p,,I1,,(0) < [y,
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Remark Observe that in the usual case U hard-core and W = 0 one obtains from Theorem 1
the usual Kotecky-Preiss condition. We recall however that when W = 0, i.e. when polymers
interact just through a purely repulsive potential, one can do better than (2.14). In particular,
for the purely hard core case (i.e. U.(y,y’) = oo for all (y,y’) € Z and W.(y,y’) =0
for all (y, y’) € C), it has been shown in [8] that the condition (2.14) can be considerably
improved by taking advantage of the Penrose tree identity [14] (see also [8, 15, 19]), valid
in the case of purely hard core interactions.

3 Proof of Theorem 1

The strategy of the proof is quite similar to the one used in [8]. In particular we use here
the very same convergence argument for positive series which has been developed in [8].
On the other hand, in the present case we cannot use the Penrose identity in order to bound
the Ursell coefficients |¢7 (y1, ..., )|, since the pair potential (2.3) is not purely hard-core
(and also not purely repulsive). We will rather make use of another well known “tree graph
identity” originally proved in [3] (see also [1, 4, 16, 17]).

3.1 Tree Graph Inequality for [¢7 (3o, Y1, - .., ¥u)l

We state the so called tree graph identity [1, 3, 4] by using the notations of [17] and [16].
We use the short notation I, = {1,2,...,n}. A graph 7 = (I, E;) € G, is called a tree if
and only if its edge set E; has cardinality equal to n — 1. Let us denote by 7, the set of trees
with vertex set I,,.

In the following whenever U is a finite set, |U| denotes its cardinality.

Lemma 2 (Tree graph identity) Let V;;, with 1 <i < j <n be n(n — 1)/2 real numbers,
then the following identity holds

Yol e -n=>" ] vy f dpte (tyy, X, )e Kot 3.1

geGn li,jleEy €Ty {i,jl€Er
where:
o t,_, denote a set on n — 1 interpolating parameters t,_, = (t1, ..., t,_1) € [0,1]""";
e X, denote a set of “increasing” sequences of n — 1 subsets, X,,_1 = X1, ..., X1 such

as Vi, X; C1,, we must have X; C X;11, |X;| =i and X, ={1};
o K(X,_1,t,—1) is a convex decomposition of the potential, explicitly given by

KXyt =Y 0({i, j)-taa (i, jHVis (3.2)
I<i<j<n
where
0, jh = {z, e[0,1] ifie X! and j ¢ X, or vice versa,
1 otherwise

(a pair {i, j} such thati € X; and j ¢ X, or vice versa is said to “cross” X;);
o The measure

1 1
[anctr Xt = [Cane [Cane 3Ty 6
0 0 X,_|

comp. T
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has total mass equal to one (i.e. it is a probability measure). In (3.3) “X,,_;comp.t” means
that foralli =1,2,...,n — 1, X; contains exactly i — 1 edges of t and b; is the number
of edges in T which “cross” X;.

We want to use (3.1) to bond |¢7 (y1, ..., y,)|. This formula is useful when the pair
potential is not purely repulsive. However, due to the restriction V;; finite (otherwise the
r.h.s. of (3.1) is not well defined), one in general can apply (3.1) only if the pair potential is
finite and absolutely integrable, see [4], which is a quite restrictive condition. In particular
this rules out a pair potential with hard core at short distances which is precisely one of the
situations we would like to treat.

We show here that it is possible to give meaning to r.h.s. of (3.1) even when some among
the V;;’s take the value oo (the Lh.s. of (3.1) makes sense even in this case). This is possible
due to our assumption that the pair potential is the sum of a purely repulsive part plus a
stable potential. We define

H it U(y;, y;) = o0,

Un(vivj) = { U(yi,y;) otherwise,

and Vy ;(vi, vj) = U (vi, v;) + W (¥, v;). Then, for any fixed (y1,...,y,) € P"

¢T(y17"'9yn)=Hli_l;I<l>oZ l_[ (eiVH(Vist)_l).

8€Gy li.j)eEg

We can now use (3.1) for the finite potential V5 and we get

Z l_[ (e—VH(%‘,Vj)_ 1

8€Gn {i,jI€E,
= Jim 3 TT Vs ) [ it X,oe ey
teTy {i,j}€Er
where
KnXot,ti)= Y t(li, ) tar (i, DV i v)).-
I<i<j<n
Now, for fixed 7 = (I,,, E;) € T, and (y1, ..., ) € P", let us consider the factor

Wi = T W0 [ diee g Xe Kt
{i,jleEr

By the assumptions (2.3-2.5), the edges {i, j} C I, are naturally partitioned into two dis-
joint sets EX and E,\E” where EY = {{i, j} C I, : y; » y;)}. Thus also the edges of the
tree T are partitioned into two disjoint sets EX and E.\E® where Eff = E. NEX. So we
have

w;{()/la-uvyn)

= 1T woemt [T Uatnr [ducorXone St

{i.j}eE-\EH {i.jleEH
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Now observe that
Kn(Xp—1,t,21) = KUH Xo—1, ti—) + Kw (X1, t—1)

where

Kyy Koot teo) = Y 1({is j) -+ tar (i j DU (i )

I<i<j<n

and

Ky Xty =Y 0, jh) - taa (i, Wi, 7).

I<i<j<n

The potential Ky, (X,—i,t,—1) is non negative and can be bounded, for n > 0, as fol-
lows

Kyy Koo tim) = > 01({ia j) -t (i jDUL (i v7)

{i,j}cEH
= > nli i)t (i iU )

{i,jicEH

D D T(( ) ERRT AT ( ()

{i,/ICE\EH

—n Y. nli bt (i )

{i./YCE\EH

> Y i Dt (i SHUR s v))

{i.j)cEH
+n Y nli i)t (i ) —nlEAES
{i,J}CE\EH

= Kv, Xo1, taim1) — n|E\EF|

where

KyeXo b= > 0i, D)t (i, DV
1<i<j<n
with V% being the positive (H dependent) pair potential given by
UH(yivyj) lf{lvj}EEfI7

Vi=1n if {i, j} € EA\E!,
0 otherwise.

On the other hand, from the fact that W is stable it follows that also Ky (X,_1, t,—1) is
stable, see e.g. [4, 16, 17]. Namely, from (2.6) it follows that

Ky X1 tim) = — Y B().

i=1
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Hence wi; (y1, ..., ¥a) can be bounded by

, 1 7EN\EL
Wi, ) < e+2i:13<yf>+"'Ef\Er‘"[ I1 |W(yi,y,-)|} x H
{i.jeE-\EH 7

x 1_[ ‘/i;/dﬂf(til—lvXn—l)eier(Xnil’tnil)'

{i.j}eEx

Applying now the tree graph identity (3.1) to the pair potential V% one conclude immediately
(see e.g. [4]) that, for all H € [0, 4+-00)

1_[ Vi;/dﬂr(tn—lvXn—l)eikvl(xnfl’tnfl)

{i.j}€Ex

= [T 1" —11= [ leVntmm —pjen— 1= (34

{i,j}eE- {i,jleEH

Hence, considering that e E7\E¥'|[e=7 — [|IE\EE | = (e — 1)IE0\E | wye get

n [— |
Wi, oo ya) SeFZim P00 [T qerUntir) — 1 T =D

{i.jleEH {i.jleE-\EH

Wi, vi)

and due to the arbitrarity of n which can be take as small as we please, we obtain

Wi (1, ) e Zim P00 TT eVt —qp T (W, vyl

{i.j}eEH {i.jYeE\EH
and so
WY, Ve) = lim o wy(vr, - V)
H—o00
< et Xim1 Bi) l_[ |e—U(Vi-Vj) —1] l—[ W (i, v).
{i.jyeEH {i,jYeE-\E#
In conclusion we have that
187 1yl <P E= P00 S T Flyyy) (35)
tely {i,jl€Er
where
Wi vl ifyi ~y;,
Fyi,v)) = { eV — 1] ify; e y;,
and hence also, for n > 1
16" o, 1 vl ST T Fyy)) (3.6)

rer? li.j}eEr
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where T0 is the set of all trees with vertex set I0 {0,1,2,...,n}. Inserting (3.6) in (2.10)
we get

LIOEIED WD VIR s Vi | [T

n=l " (y1.72,-.Yn)€P" rer? li.j}€Er
B B B
e (Vo)|: +Z S S [T FOarene®™ e pye m)]_
n= 1 T Yn)EP" e {i.j1€Er
If we pose
~ B
Py = pye ) 3.7
and

T2 (p>—1+Z S0 T Fouvbn - (3.8)

' 1T (1o Yu)EP" (i jl€Er
We get
TR (p) < P [TTIR (5). (3.9
So the convergence of |l'[| ?(p) implies that of IHI 2(p).

3.2 Planar Rooted Trees and Convergence

We think the trees with vertex set I = {0, 1,2, ...,n} (i.e the elements of T°) as rooted
in 0. We define a map m : T — m(t) which associate to each labelled tree T € T a unique
drawing ¢t = m(7) in the plane, called the planar rooted tree associated to t, as follows.
Given 7 in T, place the vertex 0 (the root) at the leftmost position of the drawing. From
0 there emerge sy branches ending at the first-generation vertices iy, ..., iy,. Drawn these
vertices along a vertical line at the right of the root in such way that the higher has the low
label and labels increase as we go down along the vertical line (ordering increasing label
vertices “from high to low”). Then iterate this procedure for the descendants of each first
generation vertex (i.e. the second generation vertices) iy, ..., iy, and so on (see Fig. 1).
There is a natural partial order < among the vertices in a rooted tree. For u, v € t, we
say that u precedes v and write u < v (or v > u) if the (unique) path from the root to v
contains u. If {v, u} is an edge of ¢ rooted tree, then either v < u or u < v. If u < v. u is
called the predecessor and v is called the descendant. The root has no predecessor and it
is the extremum respect to the partial order relation < in ¢. For each vertex v of ¢, we will

: << 2

(a) (b) (c)
Fig. 1 The planar rooted trees associated to the trees (a) with edge set {0, 3}, {1, 3}, {2, 3}, {1, 4}, (b) with

edge set {0, 2}, {0, 3}, {1, 2}, {2, 4} and (c) with edge set {0, 2}, {0, 4}, {4, 3}, {1, 4}. Observe that (b) and (c)
are different planar rooted tree
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denote by s, the branching factor of v and we denote by v', ..., v* the s, descendants of
v (v! being the higher and v** being the lower in the drawing).

Clearly the map t — m(t) =t is many-to-one and the cardinality of the preimage of a
planar rooted tree ¢ (=number of ways of labelling the n non-root vertices of the tree with n
distinct labels consistently with the rule “from high to low”) is given by

HreT?:m(r)=t}|= (3.10)

n!
Hvzo Svi!

We denote by T? = the set of all planar rooted trees with n vertices and by T%* the set of
planar rooted trees with maximal generation number k; let also T® = U0 'IFS = U0 TOX
be the set of all planar rooted trees. - -

Letnow p: P — [0,00)% 1y uy, be a positive valued function defined in P and let,
foreach y € P, R, €[0, c0)” be defined by the equations

Hy = Rypy (1), yE€P, (3.11)
with

=14 D bV Vi Vi (3.12)

n>1 (y1,....yn)€P"

for certain functions b, : P"*! — [0, c0). Denoting R, @, (1) =T, (u), (3.11) can be visu-
alized in the diagrammatic form

!
1 72
o = =T, =0 +0—e + + .-+ : 4.
S (i) Y% Y " ?/(<.72 SO
Tn

The sum is over all single-generation rooted trees. In each tree, vertices with open circles
with subscript y represents a factor R,, vertices with bullets with subscript y a factor u,
and vertices other than the root must be summed over all possible polymers y. At each ver-
tex with n descendants, a “vertex function” b, acts, having as arguments the n + 1-tuple
formed by the polymer at the vertex and the n polymers associated to the n descendants of
that vertex. With this representation, the iteration 72(u) = T (T (1)) corresponds to replac-
ing each of the bullets by each one of the diagrams of the expansion for 7. This leads to
planar rooted trees of up to two generations, with open circles at first-generation vertices and
bullets at second-generation ones. In particular, all single-generation trees have only open
circles. Notice that the two drawings of Fig. 1 appear in two different terms of the expan-
sion, and hence should be counted as different diagrams. More generally, the k-th iteration
of T involves all possible planar rooted trees up to k generations. In each term of the ex-
pansion, vertices of generation k are occupied by bullets and all the others by open circles.
A straightforward inductive argument shows that

k—1
T, (1) = Ry, [Z L (R) + @Y (R, m} (3.13)
=0
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where we have denoted R = {R, }, cp and

CD%)(R) = Z 1_[{ Z bs‘, (Vo Vol "'vyv“/‘)RVvl "'RVuSv } (3.14)

1€TOL V=0 (¥, 1 s V50 JEPSY

Here the product [],, , over the vertices of ¢+ must be done respecting the partial order of
the set of vertices in ¢, i.e. if v > u the v must be at the right of u in the product. The factor

CD(V’(‘)) (R, p) has a similar expression but with the activities of the vertex of the k-th generation

weighted by u. Here we agree that by(y,) = 1 and [ [, = 1. We are interested in the £ — 00
limit of (3.14).

Proposition 3 Let o : P — [0,00)” : y > u, be a positive valued function and let, for
each y € P, R, € [0, 00)” be defined by the equations (3.11). Let, Vy € P, oy €[0,00)
such that p, < R,,. Then the series

%(ﬁ)::ZH{ > b%,(yv;yvl,...,ym/syvl-~ﬁm} (3.15)

1€T0 V20 L (1 1ors Vs JEPS
is finite for each yy € P. Furthermore
By Py (B) =ty (3.16)

for each yy € P.

Proof By definition @, (5) = Y_;2, ®)(5). By (3.13), the fact that T)ﬁ) (1) = py, for all

k € N, and the assumption g, < R, for all y € P, we obtain that

n

~ {4 13
Pro Z CD;()) (») = RVO Z <D;())(R) = My

£=0 £=0
for all n. Thus, since the sequence of partial sums of the series p,,®,,(0) is monotonic
increasing and bounded by ., p,, ®,,(0) converges, and p,, P, (0) < [y, - O

3.3 End of the Proof of Theorem 1

We first reorganize the sum over labelled trees appearing in formula (3.8) in terms of the
called planar rooted trees previously introduced. Namely, recalling that TV is the set of all
planar rooted trees with fixed root 0 and n vertices (different from the root), we can rewrite
the r.h.s. of (3.8) as

|H|V0(p)—1+z > > > I Foewdbn-pu. @GID

tETO reTO V1o yn)CPM i, jY€E
m(t)=t

Observe that the factor

Yo 1 Fouvidbn b

V12 ¥n) CP i, jEEr
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depends only on the planar rooted tree t = m(t) associated to t (labels of 7 are dummy
indices in the sum), i.e.

Yoo T Foovidbn b= 1‘[!1‘[ > F(yv,y,,oﬁyv,.} (3.18)

(V15w ¥n)CP" i, jIEEL vzvg Li=ly, €P

Y

with the convention that [[;2; }°, . cp F (v, ¥4i) 0y, =1 when s, = 0.
So in conclusion, inserting (3.18) into (3.17) and using also (3.10), we obtain

mR@ =y [] %{]‘[ > F v)iy, } (3.19)

+eT0 V=10 i=1y,i€P

Comparing (3.19) with (3.15) we immediately see that |l:I|7y§(/5) = ®,, (p) provided

1 n
by =—TFom (3.20)
Ti=1

so that

1 n ) -
GW=1+Y— Y [[Fomm, =S oo Gon

n>1 V15 yn)EPM i=1

Hence Proposition 3 yields the criterion (2.14) for the convergence of the series
Iﬁlg’(ﬁ) defined in (2.10). As a matter of fact, by Proposition 3, with the identification
(3.20), we have immediately that the series |l:I|;§’(,5) defined in (3.8) is finite for each
Yo € P and ﬁy0|lzl|y7,°(ﬁ) < My, for each yy € P. Now recalling (3.9) and (3.7) we obtain

Py Ty (P) < fhyy-

4 Example. BEG Model with Infinite Range Interactions in the Low Temperature
Disordered Phase

As an example, we consider the Blume-Emery-Griffiths (BEG) model [2] with infinite range
interactions in the low temperature disordered phase. The model is defined on the cubic unit
lattice in d-dimensions Z¢ by supposing that in each vertex x € Z¢ there is a spin variable
o, taking values in the set {0, —1, 4-1}. These spins interact via the (formal) Hamiltonian

H=— Y [Jyo,0,+K,0l0}]+D ) o} (4.1)

{x.yyczd xezd

where J,, > 0 and K, € R are summable interactions and we put

1
T=2sup Y (Joy+ |Kyyl). (4.2)
2 xezd d
YEL
V#X
In the region of parameters
D>J 4.3)
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the ground state is o = 0. This region is called the disordered phase. If J;, and K, are
nearest neighbor interactions (or finite range), the low temperature disordered phase can be
studied using the standard Pirogov-Sinai theory.

We will make here different assumptions on the interactions Jy, and K,,. Namely, we
suppose that there exist positive constants ¢, J;, A and A’ (with 0 < A < 1A”) such that

2J;

ny + |ny| =< |x —

PR Vix, y} e Z’, (4.4)

and
c
or |Ky|>———
J |x_

i @3)

R P

where |x — y| is the usual nearest neighbor path distance, i.e., |x — y| is the length of the
shortest path of nearest neighbors connecting x to y. Due to the assumption (4.5) the low
temperature phase of the BEG model described by the Hamiltonian (4.1), cannot be studied
using the standard low temperature Pirogov-Sinai, which explicitly requires finite range
interactions. If we further assume that the polynomial decay is slow, e.g. by supposing

N <2d+1 (4.6)

then this model is not even included in the class of models whose low temperature phase can
be studied via the extension of the Pirogov-Sinai theory to infinite range interactions given
in [13].

We’ll show in this section that the partition function of the spin model described by
Hamiltonian (4.1) can rewritten as the partition function of a polymer system of the type
considered in the previous sections. Then, using Theorem 1, we will prove that, in the dis-
ordered phase (4.3) and with the assumptions (4.4—4.6), such polymer expansion converges
for sufficiently low temperatures.

In order to do that, let us put the system in a finite box A C 74 and let us define, for a fixed
spin configuration o, in A, the subset of A given by P = {x € A : o, # 0}. We view this
set as the union of its connected components, i.e. P = | J_, p; with each set p; C A being
connected in the sense that for each partition A, B of p; (i.e. AUB =p; and AN B =0)
there exist x € A and y € B such that |[x — y| = 1. The configuration o, induces a (non
zero) spin configuration s, on each connected component p; of P which is a function
Sp; + pi ~ {—1,+1} : x  s,. The pairs p; = (p;, s,,) are the polymers associated to the
configuration o, . By construction the correspondence o <> {p;,..., p,} is one to one.
The distance between two polymers p = (p,s,) and p = (p, s;) is the number d(p, p) =
min,c, yej |x — y|. Note thatif {p,, ..., p,} are the polymers associated to the configuration
o, then necessarily d(p;, p;) =2 forall {i, j} C{1,...,n}.

With these definitions we can rewrite the Hamiltonian of the system in a box A C Z¢
with free boundary conditions as (here below 8 is the inverse temperature)

BHx(0)= Y W(p, p,)+ Y [BDIpil— A(p)].

I<i<j<n i=l
where
WP p)=—B Y sy + Ky, (4.7)
veny
AP =B Y [nysesy + Kyl (4.8)
{x.y}Cpi
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Observe now that to sum over configuration o, in A is equivalent to sum over polymers
configurations {p,,..., p,} in A such that n > 0 (n =0, i.e. no polymers, is the ground
state configuration) and d(p;, p;) > 2 for all pairs {i, j} C {1, ..., n}. Hence the partition
function of the system, at inverse temperature § and with free boundary conditions, is rewrit-
ten as

Zy(B) =) e PHen 4.9)
[N
SEED I IND SRR S (4.10)
T
d(pi,pj)=2

where

op= e [BDIPI=A(P)] 4.11)
and

={p=(p,sp): p C A connected, s, function from p to {—1, +1}}.
We now extend the definition of W(p;, p;) to all pairs in P as
_ﬂ Z [nysxsy + ny] lfd(pu P/) = 2’

W(p;.p;) = yeh, 4.12)
0 otherwise,

and put

+oo itd(pi, pj) <2,
U(p,, .:{ ' Pj 4.13
(. ) 0 otherwise. ( )

With these definitions it is immediate to see that r.h.s. of (4.10) can be written as
1
= —Li<i<j<nlUPi.p)+W(p;.p )]
ZA(,B)_1+ZH—! Z Py - e Drsi<izalV @)W PP, (4.14)
nzl o (py...py)EPY

which is the partition function of a polymer gas of the type (2.2) in which the polymers are
elements of the set PP defined by

P={p=(p,sp):pC Z“ connected and finite, sp function from p to {—1, +1}} (4.15)

with activity given in (4.11) and with incompatibility relation p ~ p < d(p, p) < 2. The
short range pair interaction between these polymers, given by (4.13), is purely hard core,
while the long range pair interaction is given by (4.12). This long range pair interaction
W(p;, p;) is stable in the sense of (2.6). As a matter of fact it is easy to check that

> Wpp)= —ZB(p )
I<i<j<n
with

B(p)) =BJIpil — A(p,)
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where J is defined in (4.2) and A(p;) is defined in (4.8). So, by Theorem 1, the pressure of
this polymer gas (i.e. the free energy of our long range BEG model) is absolutely convergent
if there exist 11, such that such that

e FD=Dipl < Mpe*Zi;eP F(I’vii)ll-i,7 vy € P. (4.16)
We choose
Ly = e PDP=Dlplalpl 4.17)

Hence, inserting (4.17) in (4.16), we obtain that the pressure of such contour gas can be
written in terms of an absolutely convergent series if, for some o > 0

> F(p.pus <alpl. (4.18)
peP

By bounding again F(p, p) <1 whenever p ~ p (recall that the short range potential U is
in this case purely hard core), we get

Y F(p. pup = Z wp + Z W (p, P)lip

peP eP eP
d(/? Pl d(/? p)>1
< |p|[2d sup ) up] +max > WP, Pl
xeZd jep peP
xep d(x,p)>1

where d(x, p) = minycj |x — y|. Observe now that, by (4.4), |W(p, p)| < BJi|pl|pln=@+»
whenever d(p, p) = n. Therefore

max > (WP, p)lup < |p|Z Mmax > bl

peP n>1 peP
d(p,x)>1 d(p,x)=n
S I DR
n>1 xezd PEP
PNSy (x)#D
< |p|Z M|S|sup > 1plus
n>1 xezd pEP
Xep

where S, = {y € Z¢ : |y| = n}. An easy calculation show that

e’ iy

[Sn] < Pl

So we get

max 3 IW(p. Py < Bhlplsup Y Il

peP xezd peP
d(p.x)>1 XEP
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where
QD 1
o= d! 2; i
Hence
> F(p. pujp < |p|[(2d sup ) w) +BLsup Iﬁlu,a]
peP xezd peP xezd peP
X€Ep XEp
< |pli2d + B L) sup Y 1plip < Jslpl Y 1plup
xezd peP peP
XEP XEP
where
Jg=2d+ B

Therefore, recalling (4.17), convergence condition (4.18) becomes

Jp Y nle PP "2"C, < (4.19)

n=1

where C,, is the number of connected sets of vertices of Z¢ with cardinality n containing the
origin (the factor 2" in Lh.s. of (4.19) counts the number of functions from p to {—1, 41}
when |p| =n). C, can be easily bounded by C” for some C, e.g. one can take C,, < (4d)".
So condition (4.19) becomes

ad o
D n(xe)' < — (4.20)
n=l1 Jﬂ
where
x = 8de PP, 4.21)

Formulas (4.20) and (4.21) imply that

1
—B(D—J) —a
e < (e f(af I

where

2u
)= ———F—.
! 2u+1+4u+1
For example, taking @ = 1/2 and bounding f(#) < 2u/(2u + 1) (we are not looking here
for optimal estimates), we obtain that convergence occurs if

e—PD=1) < !
= 8d/e(2d + 1+ BJ>)

i.e., for all inverse temperatures 8 > f, where S is the positive solution of the equation
B(D—J)
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